Abstract. We investigate the properties of the Cheeger sets of rotationally invariant, bounded domains Ω ⊂ R . For a rotationally invariant Cheeger set , the free boundary ∩ Ω consists of pieces of Delaunay surfaces, which are rotationally invariant surfaces of constant mean curvature. We show that if Ω is convex, then the free boundary of consists only of pieces of spheres and nodoids. This result remains valid for nonconvex domains when the generating curve of is closed, convex, and of class 1,1 . Moreover, we provide numerical evidence of the fact that, for general nonconvex domains, pieces of unduloids or cylinders can also appear in the free boundary of .
Introduction
Let Ω be a bounded domain in R , ≥ 2. The Cheeger problem consists in finding subsets of Ω which solve the minimization problem
where ( ) = ( ; R ) is the distributional perimeter of a subset of Ω measured with respect to R and | | stands for the Lebesgue measure of . The value of ℎ(Ω) is called Cheeger constant of Ω, and any minimizer of (1.1) is called Cheeger set of Ω. An overview of general properties of the Cheeger problem, such as the existence of the Cheeger set and its regularity, can be found in surveys [19, 24] , see also Section 2.2 below. Let us particularly note that the Cheeger set always exists and if ∩ Ω is nonempty, then it is a constant mean curvature surface (CMC surface) with mean curvature
Hereinafter, ∩ Ω will be called free boundary of . Despite the geometric nature of the problem (1.1), an explicit analytical description of Cheeger sets is, in general, a difficult task. Such description is relatively well-established in the planar case, thanks to the fact that the only planar CMC surface is a circular arc, see [15, 18, 21] and references therein. In particular, if Ω ⊂ R 2 is convex, then its Cheeger set is unique and can be characterized by "rolling" a disk ( ) inside Ω:
Preliminaries and main results
We start by reviewing some basic facts about domains of revolution and Delaunay surfaces. Let : [ , ] → R × R + with ( ) = ( ( ), ( )) be a 1,1 -curve parametrized by its arclength, and let : [ , ] → [− , ] be the angle between the tangent to ( ) and the positive -direction. This implies that the normal vector to is given by (sin , − cos ). Since is of class 1,1 , we have that is a Lipschitz-continuous function, and hence it is almost everywhere differentiable. Let ⊂ R be the embedded surface obtained by rotating the graph of around the -axis. More precisely, is invariant with respect to the actions of ( − 1) fixing the -axis and is defined as
where S −2 ⊂ R −1 is an ( − 2)-sphere. Since is also of class 1,1 , the principal curvatures are defined at ℋ −1 -almost every point of due to Rademacher's theorem. Moreover, the mean curvature of is a bounded function which coincides with the distributional mean curvature of as defined in [23, Section 17.3] . We have the explicit formula
for the mean curvature at the point ( ( ), ( )S −2 ), measured with respect to the normal vector (sin , − cos ). Therefore, can be characterized as a solution of the system
We refer to [11, Section 4] and [25, Section 2] for the case of 2 -surfaces in R , and to [7, Section 2] for the case of 1,1 -surfaces in R 3 . Assume now that can be locally described as a function = ( ) for ∈ ( , ). In view of Rademacher's theorem, the mean curvature at ℋ −1 -almost every point ( , ( )S −2 ) of the corresponding portion of can be expressed as
Equivalently, satisfies the equation
2.1. Delaunay surfaces. Throughout this subsection, we assume that the mean curvature of is a nonnegative constant. In this case, is called Delaunay surface, and the system (2.1) possesses the first integral
where is a constant. It is easy to see that if > 0, then
Note that in the particular case of R 3 , ( ( ), ( )) can be conveniently expressed as
where is a constant, see [16, Section 2] . The advantage of (2.4) consists in the fact that (0) = 0, (0) = 1+ 2 , and (0) = 0. In the case of the equation (2.2), the first integral is
for some constant , whenever ′ ̸ = 0, cf. [10, Eq. (5)]. This equation can be resolved as
or, in terms of = ( ), as
Analysing the system (2.1) and taking into account its first integral (2.3) and the fact that maps to R × R + , we deduce that any solution of (2.1) generates a portion of one of the following six types of Delaunay surfaces which are depicted on Figures 1, 2 
)︁ , i.e., generates a cylinder. (ii) If > 0 and
then generates an unduloid. It holds
(iii) If > 0 and = 0, then generates a sphere of radius 1 centered on the -axis. (iv) If > 0 and < 0, then generates a nodoid. It holds
and max
}︃ . Hereinafter, for convenience of writing, we will identify Delaunay surfaces with their respective generating curves. is a Cheeger set of Ω, then it satisfies the following regularity properties:
∩ Ω is analytic, except possibly for a singular set of Hausdorff dimension at most − 8. At regular points, the mean curvature is constant and equal to
, then is also of class 1,1 around . In general, Cheeger sets need not be unique, as can be seen from various examples (see, for instance, [14, Remark 12] or [20, Example 4.6] ). Nevertheless, if Ω is convex, then it admits a unique Cheeger set, which is convex, and whose boundary is of class 1,1 [1] .
With the help of information provided above, let us consider the Cheeger problem (1.1) in a rotationally invariant, bounded domain Ω ⊂ R . We assume that the boundary Ω of Ω can be characterized as
where the generating curve Γ : Let Ω ⊂ R be a rotationally invariant, bounded domain, and let be its Cheeger set. If is also rotationally invariant, then ∩ Ω is analytic.
Notice that the existence of a rotationally invariant Cheeger set required in Lemma 2.2 can be guaranteed if Ω is a Schwarz symmetric domain with respect to the -axis, that is, if the intersection of Ω with any hyperplane { = const} is either empty or an ( − 1)-dimensional ball centered on the -axis. Indeed, let be a Cheeger set of Ω, and let * be the Schwarz symmetrization of , as defined in [23, Section 19.2] . Then * is still a subset of Ω and
by [23, Theorem 19.11] , which implies that * is also a Cheeger set of Ω.
More can be said if we additionally ask Ω to be convex.
Lemma 2.3.
Let Ω ⊂ R be a convex, rotationally invariant, bounded domain. Then Ω admits a unique Cheeger set, which is convex, rotationally invariant, and with boundary of class 1,1 .
Proof. The result is a consequence of the existence of a convex Cheeger set, which was obtained in [14, Remark 10] , of the uniqueness result proven in [1, Theorem 1], and of the regularity properties obtained in [26] Let us now characterize Delaunay surfaces which can form the free boundary of a Cheeger set . Since the mean curvature of ∩ Ω is positive, it is clear that neither catenoids nor vertical hyperplanes can appear in the free boundary of . In the following theorem, we show that unduloids and the cylinder cannot be parts of ∩ Ω, too, provided Ω is convex. 
where the equality holds true for any such that ( ( ),
Notice that is constant on every connected component of ∩ Ω and coincides there with (2.3). By the regularity of , is a Lipschitz-continuous function, and therefore it is differentiable almost everywhere on [ , ] with the derivative
That is, ′ ≤ 0 if sin ≥ 0, and ′ ≥ 0 if sin ≤ 0. In view of the convexity of , we can assume, without loss of generality, that ( ) = ( ) = 0, and hence ( ) = ( ) = 0. On the other hand, by the convexity and regularity of , there exists ∈ ( , ), such that sin ≥ 0 on [ , ], and sin ≤ 0 on [ , ]. It then follows from the fundamental theorem of calculus that
, which implies that the free boundary ∩ Ω consists of spheres or nodoids.
The above proof can be generalized, under suitable assumptions on , to the case of nonconvex, rotationally invariant domains.
Proposition 2.5. Let Ω ⊂ R be a rotationally invariant, bounded domain. Suppose that Ω admits a rotationally invariant Cheeger set generated by a closed, convex curve :
Proof. Since is of class 1,1 , we can define the function as in the proof of Theorem 2.4.
In view of the fact that is closed and maps to R × (0, +∞), we can assume, without loss of generality, that ( ) = ( ) and 0 < ( ) = ( ) = min ∈[ , ] ( ). Then the convexity and regularity of yield the existence of ∈ ( , ) such that sin ≥ 0 on [ , ], and sin ≤ 0 on [ , ]. Since cos ( ) = cos ( ) = −1, we have ( ) = ( ) < 0, and the proof then follows as before.
Remark 2.6. We observe that the above results do not use the fact that is a Cheeger set, but rather its regularity, a convexity assumption, and the boundedness of the mean curvature.
If Ω is smooth, strictly convex, and rotationally invariant, then these properties hold true also for rotationally invariant solutions of the isoperimetric problem
for fixed ∈ (0, |Ω|). Indeed, if is a rotationally invariant minimizer for (2.8), then is of class 1,1 , convex, and has bounded mean curvature (see [ The claim of Proposition 2.5 can be also obtained provided that the generating curve of Ω is sufficiently high over the -axis. Namely, recall from (2.7) that the maximal ordinate of any unduloid of the mean curvature is less than 1 , and a sphere of the same mean curvature has the radius 1 . Therefore, in view of (1.2), the following result takes place.
Proposition 2.7. Let Ω ⊂ R be a rotationally invariant, bounded domain, generated by a closed curve Γ :
Suppose that Ω admits a rotationally invariant Cheeger set . Then each connected component of ∩ Ω is a part of a nodoid.
Remark 2.8. The assumption (2.9) can be guaranteed if the following easier verifiable estimate holds true:
where is the volume of a unit ball in R . Indeed, (2.10) yields (2.9) due to the Faber-Krahn inequality
where is a ball such that | | = |Ω|, see, e.g., [14, Corollary 15] .
Examples
In this section, we study the Cheeger problem in cylinders, cones, and double cones, and calculate values of the Cheeger constant in several particular cases. The first equality trivially follows from the convexity of , and the second equality follows again from the uniqueness of . Let us show that only parts of a nodoid can constitute ∩ , . Suppose, by contradiction, that the angles of Γ are smoothed by circular arcs. In view of (3.1) and (3.2), consists of the horizontal line [ , − ] × { } and two circular arcs of radius and angle 2 joining this horizontal line with the -axis. That is, using (1.2), the fact that the mean curvature of a sphere of radius equals 1 , and explicit formulas for the surface areas and volumes of a ball of radius and cylinder −2 , , we get
Here and below, stands for the volume of a unit ball in R , ≥ 2. However, it is not hard to see that the second equality in (3.3) is impossible.
Therefore, we have shown that the generating curve of consists of two vertical segments, one horizontal segment, and two portions of a nodoid joining them, see Figure 4 . Consider now all candidates for the Cheeger set having the same geometric structure as , and notice that each such candidate is uniquely determined by the choice of the mean curvature. The range ℐ of admissible mean curvatures is dictated by the geometric admissibility of candidates. Thus, the Cheeger constant ℎ( , ) can be characterized through the smallest positive root of the following equation in the variable :
Equivalently, ℎ( , ) can be found as the minimizer of the right-hand side of (3.4) with respect to ∈ ℐ. Here, for suitable points 1 ( ) and 2 ( ) (see Figure 4) , 0 ( ) denotes the volume of ( −1)-dimensional ball of radius ( 1 ( )), 1 ( ) and 1 ( ) stand for the surface area and volume of the portion of the nodoid of mean curvature generated by the curve ( ( ), ( )), ∈ [ 1 ( ), 2 ( )], and, finally, 2 ( ) and 2 ( ) are the lateral surface area and volume of the cylinder /2− ( 2 ( )), . (We define all these quantities on the left half of , due to the symmetry of candidates with respect to { = 2 }.) More precisely, we have
As for 1 ( ) and 1 ( ), it is convenient to parametrize ( ( ), ( )) for ∈ [ 1 ( ), 2 ( )] as ( , ( )), where
see (2.5) and (2.6). Hence, we have
see, e.g., [3, (5. 3) and (4.3)].
Several explicit values of ℎ( , ) for different choices of , , and are listed in Tables 1, 2 , and 3. Lemma 2.3 implies that , , possesses a unique Cheeger set , which is convex, rotationally invariant, and with boundary of class 1,1 . Moreover, Theorem 2.4 and the regularity of yield that the generating curve = ( ( ), ( )), ∈ [ , ], of smooths all three corners of Γ either by circular arcs or by parts of nodoids. In particular, the free boundary ∩ , , has nonempty interior. In view of the properties of Delaunay surfaces (see Section 2.1), can smooth the left and right corners of Γ only by circular arcs. Let us show that smooths the middle corner of Γ by a part of a nodoid. Suppose, by contradiction, that is again a circular arc near the middle corner of Γ. Then has to be a half-circle with starting and ending points on the -axis, that is, is a ball of radius = 1 . However, this is impossible since
Therefore, we have shown that the generating curve of consists of two circular arcs connecting the -axis with the lines (3.5), two segments, each of which belongs to one of the lines (3.5), and a portion of a nodoid joining the last two segments, see Figure 5 . As in Section 3.1, consider now all candidates for the Cheeger set having the same geometric structure, and denote by ℐ the range of mean curvatures for which the candidates are geometrically admissible. Notice, however, that for any fixed ∈ ℐ the candidate is not necessarily unique. (Numerical analysis indicates that there are at most two candidates associated with a fixed .) Thus, one can characterize the Cheeger constant of , , as
.
Here 1 ( ), 2 ( ), 1 ( ), and 2 ( ) denote the lateral surface areas and volumes of the left and right spherical caps, 3 ( , ), 4 ( , ), 3 ( , ), and 4 ( , ) stand for the lateral surface areas and volumes of the conical frustums generated by the segments of lines (3.5) which join the spherical caps and the portion of the nodoid of mean curvature and parameter from (2.3), and, finally, 5 ( , ) and 5 ( , ) are the surface area and volume of that portion of the nodoid.
Let us discuss more precisely the quantities in (3.6) for a fixed in the three-dimensional case using the parametrization (2.4) with a displacement ∈ R along the -axis:
In this case, the parameter is a reparametrization of the parameter . First, we find 1 < 0, 2 > 0, and , ∈ R such that the nodoid ( ( ), ( )) smooths the corner between the lines (3.5) for ∈ [ 1 , 2 ], as the solutions of the following system of four equations:
and
From (3.9) and (3.11), we get
Then, substituting 1 and 2 into (3.8) and (3.10), respectively, we obtain and . Recall that the roots and are not necessarily unique. With the knowledge of the parameters 1 , 2 , and , we have
Second, we round the left and right corners by circular arcs of radius = 1 . It is not hard to see that these arcs are centred at
Moreover, the arcs touch the lines (3.5) at the points
Therefore, we get
Finally, the remaining quantities are given by
Several explicit values of ℎ( , , ) for = 3 and different choices of , , and are listed in Table 4 . Table 4 . Values of ℎ( , , ) for = 3 and different parameters. see Figure 6 . Observe that the cone , can be obtained as the limit case of the double cone , , for = 0. Again by Lemma 2.3, the unique Cheeger set of , is convex, rotationally invariant, and with boundary of class 1,1 . Arguing as in the previous subsection, we deduce that , the generating curve of , smooths the left corner of Γ by a circular arc, and the top corner of Γ by a portion of a nodoid. It is then possible to characterize ℎ( , ) as the infimum of ratio of the perimeter over volume of the candidates for the Cheeger set as in (3.6) . Several explicit values of ℎ( , ) for = 3 and different choices of and are listed in Table 5 . In Theorem 2.4 and Propositions 2.5 and 2.7, we have shown that, under several assumptions, the free boundary of a Cheeger set of a rotationally invariant domain cannot have a portion of an unduloid or a cylinder as its part. It is therefore natural to ask whether there exists a rotationally invariant domain such that a portion of an unduloid or a cylinder can appear in the free boundary of its Cheeger set. In this section, we provide numerical evidence of the existence of such domain.
Consider Ω ⊂ R 3 generated by a curve Γ which is symmetric with respect to the line { = 0} and which is defined in R + × R + by the union of three segments
where , , , > 0 are some constants such that > and > , see Figure 7 . By construction, Ω is Schwarz symmetric with respect to the -axis, and hence Ω possesses a rotationally invariant Cheeger set , see Section 2.2. Noting, moreover, that the union of Cheeger sets is again a Cheeger set (see, e.g., [19, Proposition 3.5 (vi) ]), and taking the union of with its reflection with respect to the plane { = 0}, we can assume that is symmetric with respect to { = 0}. Since the generating curve Γ of Ω has three convex corners at the points ( , ), (0, ), and (− , ), the generating curve of smooths them. This fact can be obtained arguing by contradiction: first, straightforward calculations show that the ratio ( ) | | diminishes after truncation of a convex corner by a horizontal segment which is sufficiently close to the top of the corner, and then Proposition 2.1 (ii) implies smoothness of . Noting that among admissible Delaunay surfaces only nodoids and spheres have vertical tangents, we see that the corners of Γ at the points ( , ) and (− , ) are smoothed either by portions of a nodoid or by circular arcs. As for the behaviour of near the corner of Γ at the point (0, ), there are several possibilities:
(i) there is a portion of a Delaunay surface, different from the cylinder, which is inscribed in the convex corner at the point (0, ) ( is tangent to the segment (4.1) and its reflection with respect to { = 0}); (ii) there is a portion of a Delaunay surface which passes through the points ( , ) and (− , ); (iii) there is a portion of an unduloid which connects in the 1 -fashion the segment (4.2) with its reflection with respect to { = 0}; (iv) there is a circular arc which connects the segment (4.2) with the -axis. In this case, consists of two connected components.
Following the methodology of Section 3, the Cheeger constant ℎ(Ω) can be found by minimizing the ratio of the perimeter over volume of candidates for the Cheeger set which are defined by cases (i)-(iv). We performed corresponding numerical computations with (I) for ∈ (0, 1 ], case (iv) occurs; (II) for ∈ [ 1 , 2 ), case (ii) occurs, where the surface is an unduloid having a point of minimum at = 0; (III) for = 2 , case (ii) occurs, where the surface is a cylinder; (IV) for ∈ ( 2 , 3 ), case (ii) occurs, where the surface is an unduloid having a point of maximum at = 0; (V) for = 3 , case (ii) occurs, where the surface is a sphere; (VI) for ∈ ( 3 , 4 ], case (ii) occurs, where the surface is a nodoid; (VII) for ∈ [ 4 , ), case (i) occurs, where the surface is a nodoid.
In particular, case (iii) was not observed. On Figures 8 and 7 , we depict the Cheeger set and nonoptimal candidates for the Cheeger set, respectively, by choosing = 0.6 which corresponds to case (IV). This kind of problem was introduced in [12] for a general class of weights which, however, does not include the case under consideration. The isoperimetric problem in R × R + with the weight , > 0, for both perimeter and volume has been first studied in [22] .
Remark 5.2. In Proposition 2.5 we assumed that Ω admits a rotationally invariant Cheeger set whose generating curve : [ , ] → R × (0, +∞) is closed, convex, and of class 1,1 . We anticipate that the existence and, moreover, uniqueness of such Cheeger set holds true provided Ω is generated by a closed, convex curve Γ : [ , ] → R×(0, +∞). In some particular cases, such as the torus in R , this has been proven in [17] . . It is not hard to see that this inequality is satisfied for all sufficiently close to 2 , which establishes the counterexample.
